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Abstract. We discuss whether an unaccounted contribution to the Cosmic Microwave Back-
ground polarization B-mode by primordial magnetic fields (PMFs) can bias future constraints
on inflationary gravitational waves. As a case-study, we consider a scale-invariant PMF spec-
trum with amplitude of ≈ 1 nG on 1 Mpc scales, compatible with current cosmological bounds.
We find a degeneracy in the B-mode spectra between PMFs and inflationary gravitational
waves. If PMFs of this amplitude are not accounted for, future CMB experiments could claim
a false detection of a tensor-to-scalar ratio r ≈ 0.007, close to the predictions of Starobinsky
and α-attractor models. The degeneracy can be broken if B-modes are measured also at
multipoles ` & 900: more precisely experiments like CMB-S4 or CORE-M5 would be able
to discriminate PMFs from primordial GWs at high statistical significance. Experiments like
LiteBIRD or PIXIE will not be able to break the degeneracy and will need complementary
bounds coming, for example, from measurements of anisotropies in the Faraday rotation angle
of CMB polarization. This reinforces the importance of future experimental constraints on
PMFs.
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1 Introduction
One of the main goals of modern cosmology is the detection of Cosmic Microwave Background
polarization B-modes produced by vacuum fluctuations of the metric during inflation. Their
detection would provide a “smoking gun” for the inflationary paradigm and give hints towards
the quantum nature of gravity.
In the past years the experimental bounds on the primordial B-mode component (pa-
rameterized by the tensor-to-scalar ratio r) have improved significantly. Indeed, since the
constraints from the BICEP experiment of r < 0.72 at 95% C.L. [1] in 2010, the recent com-
bined analysis of BICEP2, Keck Array IV and Planck B-mode measurements now provide
r < 0.07 at 95% C.L. [2], showing an improvement by nearly one order of magnitude in about
∼ 7 years (see also [3]). In the next years a further improvement by one order of magni-
tude, reaching a sensitivity in the range of r ∼ 10−2 - 10−3, is expected by several ongoing
experiments such as BICEP3 and the Keck Array [4], CLASS [5], Advanced ACTPol [6],
and SPT-3G [7]. Future experiments as the LiteBIRD [8] and CORE-M5 [9–11] satellite
missions and the CMB-S4 ground based telescope [12] are expected to reach a sensitivity of
δr ∼ 0.0001, closing in on the prediction r ≈ 10−3 of the Starobinsky model [13].
It is however important to investigate if other mechanisms could generate a B-mode
polarization signal that could lead to a wrong claim for a detection of vacuum fluctuations of
the metric. For example, foregrounds as galactic dust are obviously an issue [14]. Topological
defects (see e.g. [15]) can also produce B-modes (even from vector perturbations [16]). Fi-
nally, GWs can also be sourced during inflation in presence of anisotropic stress generated by
quantum fluctuations of other fields, even if their energy density is much smaller than that
of the dominant inflaton field (see e.g. [17,18]).
The common attribute to all these sources is the fact that they have some additional
signature that allows to disentangle them from B-modes generated from vacuum fluctuations
of the metric, be it the frequency dependence for galactic foregrounds (see e.g. [19,20]), or the
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shape of the angular power spectrum for B-modes from topological defects or sourced tensor
fluctuations during inflation.1
B-mode polarization can also be produced by a primordial magnetic field (PMF) (see
e.g. [28–30]). In the presence of PMFs, passive tensor and compensated vector modes give
B-modes with angular spectra that are very similar in shape to those produced by primordial
gravitational waves (GWs)2 and lensing (see e.g. [28, 31–33]). Future CMB experiments like
CMB-S4 will be extremely sensitive to PMFs, improving current constraints on the corre-
sponding B-mode amplitude by nearly two orders of magnitude [34].
It is then important to investigate how well future CMB experiments could discriminate
between inflationary GWs and PMFs in the generation of CMB polarization B-modes: these
experiments would be able to claim a detection of the quantum nature of tensor perturbations
of the metric only if a potential contribution from PMFs can be identified and subtracted.
How can one distinguish between the two scenarios? One key difference between the two
is that while GWs affect the CMB anisotropies on large angular scales, primordial magnetic
fields affect also smaller angular scales through compensated perturbations (see e.g. [28, 31,
33, 35]). As we show later in this paper, CMB experiments sensitive mainly to large angular
scales as the proposed PIXIE and LiteBIRD missions are essentially unable to discriminate
between PMFs and primordial GWs at the level of r ≈ 10−3. Then, a clean and reliable
detection of B-modes generated by the inflationary tensor fluctuations can be obtained only
by considering also smaller scales, as planned by the CMB-S4 experiments, or by a satellite
with improved angular resolution as the recent CORE-M5 proposal.
A second difference between these two scenarios is the fact that PMFs can be constrained
also by measuring the Faraday rotation (FR) of CMB polarization (see e.g. [35] and references
therein) considering maps at different frequencies and taking advantage of the fact that the
frequency scaling of FR is ∼ ν−2. Moreover, FR can be in principle measured either by con-
sidering the effect on CMB anisotropies angular spectra or by extracting the Faraday rotation
angle through estimators that make use of the coupling between E- and B-modes induced by
FR [36–39]. It is therefore important to evaluate whether future realistic CMB experiments,
considering their sensitivities, angular resolution and frequency and sky coverages, would be
able to use FR to differentiate PMFs from inflationary GWs.
Our paper is structured as follows: in Section 2 we review how primordial magnetic
fields affect CMB temperature and polarization anisotropies and discuss in what region of
parameter space they give a B-mode signal degenerate with that from primordial GWs. In
Section 3 we review our forecast method while in Section 4 we present our results. In Section 5
we discuss the impact of Faraday rotation on our forecasts. We finally conclude in Section 6.
2 Primordial magnetic fields
In this section we present some definitions useful for our analysis: we refer the interested
reader to [28,31,32,40–42] for a more detailed discussion of the subject.
2.1 Definition of magnetic parameters
We consider a stochastic magnetic field Bi(η,x) generated at a time ηB before the epoch
of neutrino decoupling ην . We assume that PMFs are a statistically isotropic Gaussian field
1 Moreover, sourced tensor fluctuations can be chiral [21–25] and highly non-Gaussian [26,27].
2For simplicity, in the rest of the paper we will refer to vacuum fluctuations of the metric during inflation
as primordial gravitational waves.
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with no helicity (a review on the impact of helical field on CMB physics can be found in [41]).
The exact form of the power spectrum PB of the PMF strongly depends on the mechanism
generating it. Following the current literature, we define PB as a power law with a cut-off
scale kD, i.e.
PB(k) =
{
A knB for k < kD ,
0 otherwise ,
(2.1)
where a spectral index nB = −3 denotes a scale-invariant spectrum and the cut-off scale kD
accounts for the damping of the magnetic field due to radiation viscosity on very small scales,
where magnetic effects are suppressed by photon diffusion [43, 44]. From Eq. (2.1), then, we
define the magnetic field amplitude in terms of the parameter Bλ, obtained by smoothing the
magnetic energy density with a Gaussian filter over a comoving scale λ [28].
In what follows we take λ = 1 Mpc.3 Moreover, we focus only on nearly scale-invariant
spectra PMFs with nB = −2.9, which we expect to be produced by inflationary magne-
togenesis, where magnetic fields are generated on small scales and then stretched to cos-
mological scales by the accelerated expansion (see [46–48] for recent analyses). We refer
to [33, 40, 41, 45, 49–51] for discussions about how values of nB larger than −3 can be gener-
ated, and what are the current constraints on PMFs with blue-tilted spectra.
Depending on the generation epoch of the PMF three different class of magnetic per-
turbations can be distinguished: inflationary, passive and compensated. In this paper we
focus only on passive and compensated mode which are sourced by every PMF independently
of the magnetic generation history. Passive modes are generated before neutrino decoupling
(η < ην) since, without neutrino free-streaming, there is no counterpart in the photon-baryon
fluid able to compensate the PMF anisotropic stress, which therefore sources both adiabatic
scalar and tensor perturbations [28,31,32,52,53]. When neutrinos decouple (η ≥ ην), they also
produce an anisotropic stress that compensates the magnetic one leading to isocurvature-like
perturbations, the so-called compensated modes [28,31,32,52–54].
The amplitude of these modes is set by the comoving curvature perturbation ζ. The
presence of a PMF sources the growth of ζ before neutrino decoupling through the anisotropic
stress ΠB [28]. Once neutrino compensation on the PMF anisotropic stress is effective, the
growth of ζ ceases. For scalar perturbations the final form of ζ is [28, 53]
ζ ≈ ζ(ηB)− 1
3
RγΠB
[
ln(ην/ηB) +
(
5
8Rν
− 1
)]
, (2.2)
where ζ(ηB) is the comoving perturbation at the time of PMF generation, (ΠB)ij is the mag-
netic dimensionless anisotropic stress, and Ri represents the ratio between the total density
and the density of the species i.
From Eq. (2.2) we see that there are two main contributions to ζ. The first contribution
which has amplitude proportional to the product ΠB ln(ην/ηB) is the adiabatic-like passive
mode (which, unlike the standard adiabatic mode, has non-Gaussian statistics). This mode
grows logarithmically in time when ηB ≤ η ≤ ην and then freezes on super-horizon scales after
neutrino decoupling. The value of ηB cannot be defined unless the generation mechanism of
the PMF is known. In the following, we will allow ην/ηB to range from 106 to 1017 [33],
corresponding to a energy scale of PMF generation between 103 GeV and 1014 GeV.4 From
3It is common to take this value for λ [45]: it corresponds to the size of a typical region at the time of last
scattering that later collapses to form a galactic halo.
4For inflationary magnetogenesis, this corresponds to considering instantaneous reheating at energies T 4reh ≈
H2infM
2
P/10 between Treh = 103GeV and Treh = 1014GeV [50].
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Ωbh
2 Ωch
2 τ ns 100 θMC ln
[
1010As
]
r
0.02225 0.01198 0.055 0.9645 1.04077 3.094 0
B1Mpc [nG] log10 (ην ηB) nB
1.08 12 −2.9
Table 1: Cosmological (top) and magnetic field (bottom) parameters assumed for the fiducial model.
The fiducial values for the PMF parameters are within the 95% C.L. limits from current CMB exper-
iments such Planck [45] and Planck+SPT [33] (see [58,59] for constraints from pre-Planck data).
Eq. (2.2), we see that increasing ην/ηB leads to an increase in the amplitude of the passive
mode: as we are going to discuss in the following (see Section 4), on large scales this effect
will be degenerate with changing the amplitude of the primordial magnetic field. The second
scalar mode is the so-called compensated mode: it is proportional to ΠB but it also has a
dependency on the magnetic contributions to the radiation density contrast, ∆B, through
the ratio Rγ/Rν . This is a isocurvature-like mode sourced by the residual PMF stress-energy
after neutrino compensation.
An expression similar to Eq. (2.2) can be derived for tensor perturbations, with ΠB
replaced by the tensor part of the PMF anisotropic stress. There will be both passive and
compensated tensor modes: however, compensated tensor modes are small in amplitude and
can be safely neglected [53]. Finally, since vector perturbations rapidly decay when not
sourced, there are no passive vector modes. Nevertheless, there is a compensated vector
mode proportional to the vector part of the anisotropic stress.
In conclusion, the CMB anisotropy spectra will receive contributions from four modes in
total: a passive and a compensated scalar mode, a passive tensor mode, and a compensated
vector mode. In the following sections we briefly discuss what are our fiducial parameters
for the PMF power spectrum, and see what are the imprints of these four modes on CMB
angular spectra.
2.2 Impact of PMFs on CMB spectra and fiducial model
We use the publicly available code MagCAMB5 [33], which is based on a modified version
of the Boltzmann integrator CAMB [55], to compute the contributions to the CMB angular
spectra of the four magnetic modes. The fiducial cosmological model that we are going to use
for the forecasts in this paper is a flat ΛCDM model with parameters compatible with the
recent Planck 2015 constraints [45, 56, 57]. Most importantly, since our aim is to investigate
the impact of a PMF on the determination of the tensor-to-scalar ratio r from inflationary
GWs, we have assumed a fiducial model with no primordial GWs (i.e. we fix r = 0), but with a
non-zero PMF amplitude. More precisely, we choose a PMF amplitude B1Mpc = 1.08 nG and
a time ην/ηB = 1012 of generation of the PMF (compatible with the current Planck bounds
coming from CMB anisotropies [45]): the reason for these choices is explained in detail at the
end of this section. Besides, as discussed in the previous section, we choose a spectral index
nB = −2.9 for the PMF spectrum. For convenience of the reader, we list the values of the
cosmological parameters and of the parameters describing the PMF in Tab. 1.
Fig. 1 shows the TT , EE, TE and BB angular spectra for our fiducial model (Tab. 1).
We see that PMFs have a significant effect mainly on the BB power spectrum. On large
5https://alexzucca90.github.io/MagCAMB/
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Figure 1: Comparison between primary and magnetic contributions to CMB angular correlation
functions: the spectra have been computed with MagCAMB [33].
101 102 103
`
10−6
10−5
10−4
10−3
10−2
10−1
`
(`
+
1)
C
B
B
`
/2
pi
( µK2
)
Lensing
r = 0.0042
B1Mpc = 1.08 nG
Figure 2: Comparison between the (tensor passive + vector compensated) B-mode angular power
spectrum from PMFs (for B1Mpc = 1.08 nG and ην/ηB = 1012) and the one from inflationary tensor
modes (with tensor-to-scalar ratio equal to 0.0042). For this particular choice of parameters, we see
that the inflationary and magnetic contributions are degenerate at very large scales, where both are
about two orders of magnitude larger than lensing B-modes.
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scales, ` . 100, the passive tensor mode of the PMF gives a scale-dependence similar to that
from inflationary GWs. On small scales, magnetic vector perturbations dominate, and lead to
an increase in power: this feature is not shared by inflationary tensor modes, and we expect
that it will allow to break the degeneracy between the two mechanisms. We also notice that
B-modes from lensing have a larger amplitude than those from the compensated vector mode:
however, their scale dependence is different, so we can expect to be able to disentangle it.
In Fig. 2, instead, we plot the sum of the tensor passive and vector compensated contri-
butions to the B-mode angular spectrum, together with lensing B-modes and the prediction
for CBB` given a tensor-to-scalar ratio r = 0.0042. This is the prediction of the Starobinsky
R2 model [13] for N? ≈ 53 (N? being the number of e-folds of the observable part of the
inflationary epoch), and is the main target of upcoming CMB experiments [10, 12]. We see
that our fiducial values B1Mpc = 1.08 nG for the magnetic field amplitude and ην/ηB = 1012
for the time of PMF generation give a large-scale B-mode spectrum very similar to that of the
Starobinsky model. We take, then, these values of B1Mpc and ην/ηB as a case-study, using
them to show how an unresolved PMF component can bias the constraints on the theoretically
motivated class of inflationary models known as α-attractors [60].
Before proceeding, we comment on the degeneracy between B1Mpc and ην/ηB: since
the amplitude of the tensor passive mode, as that of the scalar mode, is proportional to
ην/ηB [28], we expect that increasing this parameter will result in more power in the BB
spectrum at low `. More precisely, for nearly scale-invariant PMF spectra the contribution
of the tensor passive mode to CBB` scales as C
BB,passive
` ∼ B41Mpc
[
ln(ην/ηB)
]2. Therefore,
we could have equivalently reproduced the large-scale behavior of the Starobinsky model by
choosing a larger B1Mpc and a smaller ην/ηB. We stress, however, that for us the choice of the
fiducial values of these parameters is not important: what is relevant is how a contribution to
the B-mode power spectrum from PMFs could lead to a false claim of a detection at the level
r ≈ 10−3. Moreover, choosing a larger B1Mpc and a smaller ην/ηB would lead to a smaller
contribution from the compensated vector mode. Therefore, breaking the degeneracy would
be even more difficult for experiments that have access only to large scales. This makes our
choice of parameters the most conservative one.6
3 Method
In this section we briefly illustrate the method we adopted to derive our forecasts for future
CMB experiments. We follow the same procedure (now standard practice) used in [61]. We
produce synthetic realizations of future data given by
Cˆ` = C`|fid +N` . (3.1)
On the right-hand side, the C`|fid are the angular power spectra of the fiducial model in
µK2 and N` = w−1 exp(`(` + 1)θ2/8 ln 2) gives the experimental noise, where w−1/2 is the
experimental power noise expressed in µK · rad and θ is the experimental FWHM angular
resolution in radians (we assume that pixel noise is uniform and uncorrelated). We have
considered several future experiments with technical specifications listed in Tab. 2. More
6Of course, this point can be turned around. We can have the same large-scale tensor power by taking a
larger ην/ηB and a smaller B1Mpc: in that case the contribution of the compensated vector mode could be
large enough to be observable also on large scales. However, we stress that our point is that there is always
a region in the currently available parameter space where the degeneracy cannot be broken unless we have
access to small scales.
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Experiment Beam Power noise `max `min fsky
[arcmin] [µK · arcmin]
PIXIE 96 3.0 500 2 0.7
LiteBIRD 30 3.2 3000 2 0.7
CORE-M5 3.7 2.0 3000 2 0.7
Stage-3 (Deep) 1 4 3000 50 0.06
Stage-3 (Wide) 1.4 8 3000 50 0.4
CMB-S4 3 1 3000 5 0.4
Table 2: Experimental specifications for the several configurations considered in the forecasts. The
power noise is defined as w−1/2 =
√
4piσ2/N , where σ is the r.m.s. noise in each of the N pixels. We
quote the power noise for temperature, and assume that for polarization it is simply enhanced by a
factor of
√
2.
specifically we consider the PIXIE [62], LiteBIRD [8] and CORE-M5 [11] satellite missions,
and the Stage-3 (see e.g. [63]) and CMB-S4 [12] ground-based experiments.7 The simulated
data are then compared with theoretical C` obtained fromMagCAMB. The likelihood function
employed in our forecasts is the inverse Wishart [61], commonly known as “exact likelihood”.
In the following, we sample the likelihood using a MagCAMB-compatible [33] version
of the Monte Carlo Markov Chain code CosmoMC8 [64], based on the Metropolis-Hastings
algorithm with chains convergence tested by the Gelman and Rubin method.
Since we assumed no correlation between primary adiabatic and magnetic modes, both
theory and fiducial C` are obtained simply adding together magnetic and non-magnetic con-
tributions, i.e.
C` = C
primary
` + C
passive
` + C
compensated
` . (3.2)
We also study the impact of delensing on future constraints, to understand if this pro-
cedure can help in breaking the degeneracy discussed in Section 2.2. We subtract from the
total signal the lensed CMB B-modes using the “CMB×CMB” delensing procedure already
proposed in [19,65]. For each future experiment considered in this paper, we rescale the BB
power spectrum by using the corresponding delensing factor α [19,65,66], defined as the ratio
between the total delensed BB power spectrum and the total original lensed one (see [19] for
a detailed description of the delensing procedure). The values of the delensing factor α for
the different experiments of Tab. 2 are collected in Tab. 3. When delensing is included, we
do not carry out a full exploration of the parameter space. We sample the exact likelihood
only for B-modes, fixing all parameters apart from r and B1Mpc.
4 Results
In what follows we analyze the simulated datasets for the fiducial of Tab. 1 and the ex-
periments of Tab. 2. For r and B1Mpc we use a linear prior in the range [0, 3] and [0, 5],
7Most of these experiments are still in the stage of a proposal. The above list should therefore be considered
as an illustration of what a future CMB experiments could achieve.
8http://cosmologist.info
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PIXIE LiteBIRD CORE-M5 Stage-3 (Deep) Stage-3 (Wide) CMB-S4
1 0.94 0.37 0.56 0.79 0.25
Table 3: Delensing factor α for the various experiments described in Tab. 2.
respectively. We instead sample logarithmically ην/ηB in the range [106, 1017]. The inflation-
ary tensor spectral index is given by the consistency relation nt = −r/8 while we consider
only nearly scale-invariant PMFs with nB = −2.9.
4.1 Results from MCMC
Let us start from the MCMC analysis. As a first step, we analyze the ability of future/planned
CMB experiments (listed in Tab. 2) of recovering our fiducial values for the PMF parameters.
The constraints on B1Mpc from our selection of future experiments are reported in
Tabs. 4, 5. In the first row of these tables we report the results from our analysis with-
out variation in ην/ηB.
In this case, we see that large satellite experiments as PIXIE and LiteBIRD can recover
B1Mpc with a very good precision of about σ(B1Mpc) ∼ 0.06 - 0.03 nG. Conversely, a satellite
mission as CORE-M5, with improved angular solution respect to PIXIE or LiteBIRD, would
measure the PMF amplitude with an excellent accuracy of σ(B1Mpc) ∼ 0.02 nG. The same
accuracy can be achieved by the CMB-S4 experiment. However it is important to note that
we assumed a quite optimistic value of `min = 5 for CMB-S4. It may be possible that the
final `min will shift towards higher values given a more limited scanning strategy due to, for
example, shorter observation time and high frequency foregrounds. The Stage-3 experiment
in both configurations “wide” or “deep” will provide much weaker constraints. This is due to
the fact that the Stage-3 experiment is less sensitive to large-scale B-modes.
It is interesting to note that while experiments as CORE-M5 and CMB-S4 can constrain
a PMF with amplitude of B1Mpc = 1.08 nG with a σ(B1Mpc) ∼ 0.02 nG precision, the upper
limit on B1Mpc achievable from CMB-S4 in case of no PMF is B1Mpc < 0.52 nG at 68%
C.L. (see e.g. [35]). This is due to the fact that, at fixed ην/ηB, the amplitude of the B-
mode polarization from PMF scales as C` ∼ B41Mpc. This means that the CMB will be able
to strongly constrain a PMF, if detected, but also that upper limits on B1Mpc will be only
marginally improved by future experiments (by a factor four in case of CMB-S4 if we compare
with the upper limit of 2 nG from Planck).
These constraints are obtained under the assumption of a perfect knowledge of the time
of PMF generation, and this is obviously not a realistic case. As we see from the second row
of both Tabs. 4, 5, letting also ην/ηB free to vary weakens the constraints on B1Mpc. The
constraints on B1Mpc are relaxed by a factor ∼ 4 - 5 for the PIXIE and LiteBIRD experiments,
a factor ∼ 2 for CORE-M5 and by ∼ 50% for CMB-S4. Moreover, the posterior of ην/ηB is
tighter than the prior essentially just with the CORE-M5 and CMB-S4 experiments.
Let us now see how the degeneracy between PMFs and a possible primordial GW com-
ponent can be resolved. To this goal, we perform three different additional analyses:
• in the first analysis, in contrast to our fiducial model, we wrongly assume no PMF
and we let only r free to vary with a tensor spectral index nt given by the inflationary
consistency relation nt = −r/8. Here we quantify how the assumption of no PMF could
bias the determination of r and provide a misleading first detection of primordial GWs;
– 8 –
PIXIE LiteBIRD CORE-M5
log10(ην/ηB) = 12
B1Mpc (nG) 1.07± 0.10 1.078+0.034−0.028 1.080+0.037−0.038
log10(ην/ηB) free
B1Mpc (nG) 1.16+0.35−0.31 1.15
+0.34
−0.28 1.07
+0.10
−0.11
log10(ην/ηB) unconstrained unconstrained 12.4
+2.9
−2.5
Table 4: 95% C.L. constraints on B1Mpc and log10(ην/ηB) for the PIXIE, LiteBIRD and CORE-M5
experiments. These runs are assume that inflationary gravitational waves are absent, i.e. r = 0.
Stage-3 (Deep) Stage-3 (Wide) CMB-S4
log10(ην/ηB) = 12
B1Mpc (nG) < 1.2 < 1.2 1.079± 0.020
log10(ην/ηB) free
B1Mpc (nG) < 1.3 < 1.3 1.074+0.061−0.065
log10(ην/ηB) unconstrained unconstrained 12.2± 1.8
Table 5: As in Tab. 4 for the Stage-3 (deep and wide configurations) and CMB-S4 experiments.
PIXIE LiteBIRD CORE-M5
r 0.0065+0.0029−0.0028 0.0073
+0.0018
−0.0017 0.0072± 0.0011
r 0.0050+0.0037−0.0047 < 0.0082 < 0.0031
B1Mpc (nG) < 1.1 < 1.1 1.034+0.079−0.096
r < 0.0083 0.0051+0.0035−0.0046 < 0.0057
B1Mpc (nG) < 1.2 < 1.3 1.06+0.11−0.12
log10(ην/ηB) unconstrained unconstrained < 13
Table 6: 95% C.L. constraints on B1Mpc, log10(ην/ηB) and r for the PIXIE, LiteBIRD and CORE-
M5 experiments. Notice that these are one-dimensional marginalized constraints: given the strong
degeneracy between r and B1Mpc, the detection of r when both parameters are varied is not significant.
• in the second analysis we consider as free parameters both r and a B1Mpc, but again
we fix the ratio ην/ηB, to understand if a CMB experiment could discriminate between
inflationary GWs and a PMF when the latter is described just by one parameter;
• in the third analysis we vary r, B1Mpc and ην/ηB. As noticed in [35] and discussed in
Section 2.2, since the time ratio determines the amplitude of the passive tensor modes,
it is mostly degenerate with r in the B-mode polarization.
The results of these three analysis are reported in Tabs. 6, 7. As we can see from the first
row of both Tabs. 6, 7, analyzing a CMB dataset with the wrong assumption of no PMF and
– 9 –
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Figure 3: Forecasted constraints in the B1Mpc vs. r plane from MCMC for LiteBIRD and CMB-S4
(left panel) and for PIXIE, Stage-3, and CORE-M5 (right panel). The fiducial model has B1Mpc =
1.08 nG, ην/ηB = 1012 and r = 0. Clearly the LiteBIRD, PIXIE and Stage-3 experiments are unable
to distinguish the PMF from inflationary GWs. On the contrary, CMB-S4 and CORE-M5 can break
the degeneracy thanks to better sensitivity to small scale B-modes.
Stage-3 (Deep) Stage-3 (Wide) CMB-S4
r 0.0084+0.0079−0.0084 0.0084
+0.0075
−0.0081 0.0072± 0.0014
r < 0.015 <0.015 < 0.0022
B1Mpc (nG) < 1.1 < 1.1 1.058+0.053−0.055
r < 0.015 < 0.014 < 0.0059
B1Mpc (nG) < 1.2 < 1.2 1.073+0.065−0.069
log10(ην/ηB) unconstrained unconstrained < 12
Table 7: As in Tab. 6 for the Stage-3 (deep and wide configurations) and CMB-S4 experiments.
B1Mpc = 0 could lead to a bias on the tensor-to-scalar ratio r. An experiment as PIXIE could
provide an indication at above three standard deviations for a primordial tensor amplitude
of r ∼ 0.0065. LiteBIRD, CORE-M5 and CMB-S4 will provide an even higher evidence for
r > 0, with statistical significances that could reach (and also go over) about 10 standard
deviations. The experimental evidence for r > 0 that these experiments obtain is therefore
completely misleading and based on the wrong assumption of B1Mpc = 0.
The next step consists in letting also B1Mpc free to vary and see if these future experi-
ments will be able to discriminate between r and B1Mpc. The results of this analysis are on
the second and third rows of both Tabs. 6, 7. As we can see, when B1Mpc is included, the
detection for r > 0 simply disappears or is rather weaker for all the experiments considered.
Furthermore, for the PIXIE, LiteBIRD and Stage-3 experiments there is also no clear detec-
tion for B1Mpc. What is happening is clear by looking at Figure 3: a degeneracy is present
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Figure 4: Impact of delensing for LiteBIRD, CMB-S4 and CORE-M5: dashed lines represent the 68%
C.L. and 95% C.L. contours after delensing. Clearly, the delensing procedure affects the constraints
on r and B1Mpc only if the degeneracy between the two is broken.
on the B1Mpc vs. r plane and the experiments are simply unable to discriminate between a
genuine primordial tensor component from GWs and PMFs. For PIXIE and LiteBIRD this is
essentially due to the poor experimental angular resolution that does not allow to access small
scales, ` & 1000, where the vector compensated PMF B-mode could be detected. Indeed,
when we consider experiments with better angular resolution as CORE-M5 and CMB-S4 the
degeneracy is broken, the PMF is well measured and just an upper limit is obtained for r. For
the Stage-3 experiment a degeneracy between r and B1Mpc is also present: this is essentially
due to the lower experimental sensitivity that does not allow clear detection of the B-mode
signal of the fiducial model. Finally, from the last three rows of Tabs. 6, 7 we see that the
same conclusions hold when we let also ην/ηB free to vary.
4.2 Delensing
In this section we briefly study the impact of delensing on the forecasted constraints in the
B1Mpc vs. r plane from the simulated data for LiteBIRD, CMB-S4 and CORE-M5, using
the BB exact likelihood and fixing all parameters apart from r and B1Mpc. To obtain the
theoretical angular spectra we rescale two templates computed for r = 0.1, B1Mpc = 0 nG
and r = 0, B1Mpc = 1.08 nG (fixing in both cases ην/ηB = 1012). We leave nt fixed to
−0.1/8, even if r is varied: at such low values of r as those probed by LiteBIRD, CMB-S4
and CORE-M5 the error is negligible (this is confirmed a posteriori by comparing Fig. 4 with
Fig. 3).
The 68% C.L. and 95% C.L. contours are reported in Fig. 4. First, we notice that
even fixing all parameters apart from B1Mpc and r leads to only marginally more stringent
constraints than those depicted in Fig. 3 (besides, recall that in this case we are not including
the information coming from the TT , EE and TE spectra). Most importantly, we also see that
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delensing will not help to break the degeneracy between the two parameters for LiteBIRD. For
CORE-M5 and CMB-S4, instead, delensing would shrink the 95% C.L. contours of roughly a
factor of 2. We did not show the forecasts for Stage-3 or PIXIE in Fig. 4: as for LiteBIRD,
also in this case delensing would not help in breaking the degeneracy between r and B1Mpc.
4.3 Importance of small-scale B-mode measurements
Finally, we investigate in more detail the differences between an experiment that cannot break
the degeneracy between r and B1Mpc (i.e. LiteBIRD) and one that can (i.e. CMB-S4).
We consider two different models with roughly the same χ2min for the LiteBIRD simulated
dataset, but with very different values of r and B1Mpc: the model “(1)” has (r = 1.76 ×
10−5, B1Mpc = 1.064 nG), while the model “(2)” has (r = 7.22 × 10−3, B1Mpc = 7.57 ×
10−2 nG). Then, we expect that for LiteBIRD it will be impossible to distinguish between
these two models, while CMB-S4 will be able to break the degeneracy between them.
We can estimate how well the two experiments are able to distinguish model (2) from
model (1) by constructing a simple χ2` ≡ (∆C`/σ`)2 for the difference ∆C` ≡ C(2)` − C(1)` .
Thus, assuming uncorrelated multipoles, we can write the cumulative signal-to-noise ratio as
(S/N)2`max =
`max∑
`=2
(
C
(2)
` − C(1)`
)2
σ2`
, (4.1)
where we focus on B-modes only and σ` is given by noise plus cosmic variance, i.e. [67]
σ` =
√
2
(2`+ 1)fsky
(
C
(1)
` +N`
)
. (4.2)
We plot S/N for varying `max in Fig. 5: we see that for LiteBIRD it remains of order 1 up to
high `max, while for CMB-S4 it becomes of order 10 at `max & 1000.
We can show the importance of including small angular scales in a different way by using
directly the full B-mode likelihood for the CMB-S4 experiment, as we did in our analysis of
the impact of delensing. Varying `max (having fixed the delensing parameter α to 1) we
can see at which angular scale the degeneracy between r and B1Mpc can be broken by this
experiment. In Fig. 6, we see that this happens at `max & 900: if CMB-S4 could not access
higher multipoles, the constraints on r and B1Mpc would be similar to those of LiteBIRD.
5 Constraints from Faraday rotation
PMFs also induce Faraday rotation (FR) of CMB polarization. It is therefore useful to
evaluate the ability of future CMB experiments to detect a PMF with an amplitude of 1.08 nG
through FR and break the possible degeneracies between r and B1Mpc.
FR of the linear polarization of CMB photons is described by the rotation angle αF ,
defined in terms of the Stokes Q and U parameters by (Q± iU)(nˆ)→ (Q± iU)(nˆ)e±2iα(nˆ).
An inhomogeneous magnetic field sources anisotropies in the rotation angle, whose angular
power spectrum is related to the two-point correlation function of the magnetic field (see,
e.g., [36–39, 68]). The angular power spectrum CαFαF` of the rotation angle αF (nˆ) can be
constrained directly by exploiting the fact that, at first order in αF , the off-diagonal elements
of the two-point correlation functions of E- and B-modes are proportional to the rotation
field [69]. One can take advantage of this feature to build a quadratic estimator to measure
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Figure 5: S/N of Eq. (4.1) at varying `max for the LiteBIRD and CMB-S4 experiments.
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Figure 6: Impact of varying `max on CMB-S4 constraints: we see that the degeneracy between r and
B1Mpc is broken if B-mode anisotropies can be measured on scales ` & 900.
the anisotropic rotation [69–71]. The rotation of E-modes into B-modes, moreover, leads
to a contribution CBB,FR` that should be in principle added to Eq. (3.2) (see [30] for an
extensive review). However the angular spectrum CαFαF` , and then C
BB,FR
` , scales as ν
−4:
thus we expect to have a larger signal for these FR-induced B-modes at lower frequencies
(e.g. ν ∼ 30 GHz), that will not be optimally sampled by the experiments considered here.
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Figure 7: B-mode angular spectrum from Faraday rotation (B1Mpc = 1.08 nG is assumed) at frequen-
cies of 30 GHz, 60 GHz, 90 GHz, 150 GHz and 220 GHz. The B-modes from magnetic perturbations
are also shown, together with the standard lensing prediction. Clearly the B-modes from FR are
completely negligible for an experiment mostly sensitive to frequencies around 150 GHz as those con-
sidered in this paper. PIXIE will operate at lower frequencies, but it will have access only to very low
multipoles, where the FR signal is negligible anyway.
Indeed, these experiments are not conceived for a measurement at these frequencies:
• lower frequencies are more contaminated by galactic foregrounds and are mostly used
to identify and remove them rather than to extract genuine cosmological information;
• for a given experimental configuration, lower frequencies are limited by diffraction and
have smaller angular resolution. Therefore, space experiments such as CORE-M5 or
LiteBIRD have been designed with the largest number of detectors at frequencies around
∼ 150 GHz where the minimal foreground contamination is expected.
In Fig. 7 we plot the expected signal in the B-mode angular power spectrum from Faraday
rotation generated by a magnetic field of 1.08 nG for various frequencies. The Faraday rotation
B-modes are obtained using Eq. (38) of [36]. In Fig. 7 we also plot the lensing B-mode
spectrum and the frequency-independent contribution of Eq. (3.2), i.e. the one generated
by vector- and tensor-mode perturbations in the metric, sourced by the stress-energy in the
PMF. As we can clearly see, the B-modes from Faraday rotation at 150 GHz are about four
orders of magnitude smaller than the lensing signal, i.e. they will be undetectable by an
experiment operating at those frequencies. At 30 GHz the signal is much larger, however
none of the experiment considered in this paper will sample this frequency with the exception
of PIXIE. In this case, however, the angular resolution will not be sufficient to detect the
B-modes from Faraday rotation, since PIXIE can arrive at most at `max = 500.
The LiteBIRD and CORE-M5 could produce full CMB sky maps at frequencies of
60 GHz. It is therefore interesting to investigate if these B-modes from FR could be de-
tected by these experiments. Unfortunately, as we show in Fig. 8, neither of these two
experiments will be able to detect them. Indeed, they will not have enough sensitivity and
angular resolution at these frequencies.
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Figure 8: Expected experimental white noise for the lowest channels of LiteBIRD (top panel) and
CORE-M5 (bottom panel), together with the expected signal from B-modes generated by Faraday
rotation (for a PMF withB1Mpc = 1.08 nG) at the same frequencies. Clearly, the signal is undetectable
in any frequency channel by any of the two experiments.
PIXIE LiteBIRD CORE-M5 Stage-3 (Deep) Stage-3 (Wide) CMB-S4
0.05 0.7 15 20 2 102
Table 8: S/N ratio for the detection of a nearly scale-invariant PMF of 1.08 nG through FR.
To summarize, the contribution CBB,FR` to the B-mode angular power spectrum induced
by a PMF of 1.08 nG is not detectable by the experiments considered here. For this reason,
in the following we will focus on a forecast for the detection of anisotropies in the FR angle
αF of the E modes: clearly, a detection of αF would allow to confirm whether a possible
B-mode measurement is due to primordial GWs or to PMFs.
Then, to perform this forecast we consider the following approximated angular power
spectrum of αF induced by a nearly scale-invariant PMF of 1.08 nG (see e.g. Eq. (4) in [39]):
L(L+ 1)CαFαFL
2pi
= 4.2× 10−8 rad2 , (5.1)
where we have assumed a CMB observational frequency of ν ∼ 150 GHz. We have then
estimated the experimental noise on CαFαFL and computed the relevant signal-to-noise ratio
using the quadratic estimator described in [70, 71]. For simplicity we have neglected the
contamination of “spurious” FR induced by magnetic fields in our galaxy and lensing. Our
results (shown in Tab. 8) should therefore be considered as optimistic since the removal of
these terms could lead to a significantly lower S/N (see [35]).
We see that experiments as PIXIE and LiteBIRD will essentially be unable to detect our
fiducial PMF through FR. This is mainly due to the poor angular resolution that does not let
these experiments measure E- and B-modes at ` ∼ 1000, i.e. at scales that are relevant for a
measure of αF . Including the frequency dependence of the signal will not change this result
since at lower frequencies would correspond also an even lower angular resolution. On the
contrary, the Stage-3 experiment, especially in the “deep” configuration, will be able to detect
the PMF via FR with high accuracy. While in this case r is poorly constrained, a combination
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with the LiteBIRD experiment could be extremely important. The CMB-S4 experiment will
constrain a PMF with great accuracy, in agreement with the results presented in [35].
6 Discussion and conclusions
Undoubtedly, one of the main goals of future CMB experiments is a detection of inflationary
GWs through their effect on the B-mode polarization. Such a detection would be a strong hint
towards the quantum nature of gravity. However, a simple detection of B-modes is not enough
to confirm their primordial origin: primordial magnetic fields can cause a contamination of a
possible signal from vacuum fluctuations of the metric.
The goal of this paper was to show that future CMB experiments targeting inflationary
GWs at the level of r ≈ 10−3 will not be able to claim a detection unless they are able to
distinguish them from a PMF of amplitude ∼ 1 nG.
Satellite missions as PIXIE or LiteBIRD, that are limited to large angular scales, will
not be able to break such degeneracy. For experiments with better angular resolution, like
CORE-M5 or CMB-S4, it will instead be possible to discriminate between the two mechanisms
since they will be able to detect the compensated vector perturbations of the PMF.
A second way to break the degeneracy is that of measuring the PMF through Faraday
rotation of the CMB polarization. While B-modes induced by FR are practically unde-
tectable by the experiments considered here, a better opportunity is offered by measurements
of anisotropies in the FR angle. We find that also in this case PIXIE and LiteBIRD will not
be able to significantly detect the PMF. However, we have found that the Stage-3 experiment
could already put stringent constraints on it. A nice complementarity therefore exists between
the LiteBIRD and Stage-3 experiments that could allow to break the degeneracy between the
tensor-to-scalar ratio and the PMF amplitude.
Before concluding we note that there are other signatures typical of PMFs that could
help in distinguishing them from inflationary GWs:
• the B-modes produced by PMFs are highly non-Gaussian, since they are proportional
to the square of the field amplitude. Consequently, bispectrum and trispectrum mea-
surements could also place strong constraints on them [45,72,73];
• PMFs are damped on small scales, leading to heating of baryons and electrons and
producing Compton-y distortions in the CMB (see [45]). This has been used to place
an upper limit of 0.90 nG at 95% C.L on the magnetic field amplitude (recently [74] has
improved this bound to 0.83 nG).
Regarding the second of these signatures, we emphasize that uncertainties in the modeling
of the heating and in the reionization process may affect the constraint [75]. Moreover, and
most importantly, a PMF of ∼ 0.9 nG would produce a B-mode spectrum essentially rescaled
by a factor of 0.5 with respect to the template considered here. This could still bias future
CMB polarization searches for primordial GWs at the level of r ≈ 10−3 if not accounted for.
In summary, future constraints at the level of 0.2 nG, as expected from FR measurements
by the CMB-S4 experiment (see also [35]), will be crucial in limiting a spurious B-mode PMF
contribution to sub-percent level respect to the value of r ≈ 10−3.
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